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1. i) f(z) =

1

1 − z

�
z = a(a 6= 1) ��� �"!$# Tayler %'&)(+*

ii) �-,/.101�3214/516/7 |a − 1| #98�:<;/= �?> ( .
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1 − x @ x = 0 A�BDC @ Taylor E)FHGJILK @	M	NPOLQ1RTS x ≤ 1 UJVXWYB[Z]\?^?_ |1|) `
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1 − x
= 1 + x + x2 + x3 + · · · + xn + · · · (1)acb M BPU f(z) G
1

1 − z
=

1

1 − a

1

1 − z − a

1 − a
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1 − z
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1

1 − a
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z − a

1 − a
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z − a

1 − a

)2

+ · · ·
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M]lcm U
∣

∣

∣

∣

z − a

1 − a

∣

∣

∣

∣

≤ 1 M BDU |z − a| ≤ |a − 1|. VYW)BnZ]\-^-_oG |a − 1|.

iii) a = 0 �p=3q]�Y2/4sr C1, a = − i

2
�p=oqt�o2/4ur C2, a = −i �p=3qt��2/4r C3, a = 1 − i �p=3q3�o214ur C4

� > ( .

• C1 G�vxw 0 UJ^-_ |0 − 1| = 1 @3y .

• C2 G�vxw − i

2 Uk^]_ | − i

2 − 1| =
√

5
2 @-y .

• C3 G�vxw −i UJ^L_ | − i − 1| =
√

2 @3y .

• C4 G�vxw 1 − i Uz^-_ |(1 − i) − 1| = |i| = 1 @ty .
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2. C ��# ∫

C

e−z2

dz
� �/��� . ∫ ∞

−∞
e−(x−ib)2dx

�?��� * .

ib

CR
CL

−R R

C
C1

C0

C �i� OJ�]�L� GJ�]��� Qt�L@ C
lim

R→∞

∫

C

e−z2

dz = 0 (4)

W��-U C } ~ @	M1NDO C1, CL, C0, CR

df�]� � mz���/R `
C1 � GtU z = −x + ib

dk�'�cd U dz = −dx, z : −∞ → ∞ M BnU
lim

R→∞

∫

C1

e−z2

dz = −
∫ ∞

−∞

e−(x−ib)2dx (5)

C0 � GtU z = x
dk����d U dz = dx, z : −∞ → ∞ M BDU

lim
R→∞

∫

C0

e−z2

dz =

∫ ∞

−∞

e−x2

dx =
√

π (6)

CR � G]U z = −R + ixb
dk���id U dz = ib dx, z : 1 → 0 M B�U

∫

CR

e−z2

dz =

∫ 0

1
e−(−R+ixb)2dx = −

∫ 1

0
ib e−R2+i2Rbx+b2x2

dx (7)

CL � G]U z = R + ixb
dk����d U dz = ib dx, z : 0 → 1 M BnU

∫

CL

e−z2

dz =

∫ 1

0
e−(R+ixb)2dx =

∫ 1

0
ib e−R2−i2Rbx+b2x2

dx (8)

M]lcm
∫

CL

e−z2

dz +

∫

CR

e−z2

dz = ib

∫ 1

0
e−R2−i2Rbx+b2x2 − e−R2+i2Rbx+b2x2

dx (9)

= ib

∫ 1

0
e−R2+b2x2

(

e−i2Rbx − ei2Rbx
)

dx (10)

= ib

∫ 1

0
e−R2+b2x2 − 2i sin(2Rbx)dx (11)

= 2be−R2

∫ 1

0
eb2x2

sin(2Rbx)dx (12)

a-a CLU I = 2be−R2

∫ 1

0
eb2x2

sin(2Rbx)dx
dk����d U 0 ≤ x ≤ 1 @z�)� C?G]U (0 ≤)1 ≤

eb2x2 ≤ eb2 U −1 ≤ sin(2Rbx) ≤ 1 Q-@ C-U
∫ 1

0
−eb2dx ≤

∫ 1

0
eb2x2

sin(2Rbx)dx ≤
∫ 1

0
eb2dx (13)

−2be−R2

eb2 ≤ 2be−R2

∫ 1

0
eb2x2

sin(2Rbx)dx ≤ 2be−R2

eb2 (14)



−2be−R2+b2 ≤ I ≤ 2be−R2+b2 (15)

G<��� N¡ )M B�U
lim

R→∞
I = 0 (16)

Q]@ C]U
lim

R→∞

(
∫

CL

e−z2

dz +

∫

CR

e−z2

dz

)

= 0 (17)

M]lcmz¢ (4) M BnU
lim

R→∞

∫

C

e−z2

dz = lim
R→∞

(
∫

C1

e−z2

dz +

∫

C0

e−z2

dz +

∫

CL

e−z2

dz +

∫

CR

e−z2

dz

)

(18)

= −
∫ ∞

−∞

e−(x−ib)2dx +
√

π + 0 (19)

= 0 (20)

{]£oU
∫ ∞

−∞
e−(x−ib)2dx =

√
π (21)


