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1.
∫

∞

−∞

dx
1

(1 + x2)2 !#"%$'& .

AB

CR

O
R

lim
R→∞

∫

CR

dz
1

(1 + z2)2 (*)�+-,/.1032 AB 46587:9�; 0 .=<-, 5>4 0
lim

R→∞

∫

CR

dz
1

(1 + z2)2
=

∫

∞

−∞

dx
1

(1 + x2)2
(1)

?A@
f(z) =

1

(z2 + 1)2
=

1

(z2 + i)2(z2 − i)2
(2)

B3CED 0 f(z) ; z = i,−i 4#F8G/H>G�IKJL5NM .O<P,RQ F#5>S14 0 CR TNUWV , 53; z = i5:X < 5:4 0
lim

R→∞

∫

CR

dz
1

(1 + z2)2
= 2πi Resf(z = i) (3)

Y>Y 4 g(z) Z z = a 4 k J[53M (*\^]_.1`P,a.10 z = a 4W5Nb6cL;
Res g(a) = lim

z→a

1

(k − 1)!

dk−1

dzk−1

(

(z − a)kg(z)
)

(4)

4/d +fe G , 5:4 0
Res f(z = i) = lim

z→i

1

(2 − 1)!

d

dz

(

(z − i)2
1

(z2 + i)2(z2 − i)2

)

(5)

= lim
z→i

d

dz

1

(z + i)2
(6)

= lim
z→i

−2

(z + i)3
(7)

=
−2

(2i)3
(8)

=
−i

4
(9)BWCOD 0

lim
R→∞

∫

CR

dz
1

(1 + z2)2
= 2πi Resf(z = i) = 2πi

−i

4
=

π

2
(10)

(11)gWh
∫

∞

−∞

dx
1

(1 + x2)2
=

π

2
(12)



2.
∫ 2π

0

cos nθ

1 − 2c cos θ + c2
dθ !a"f$i& .

1

i
C

O
z = eiθ .3j�kA.N0 z : C l , dz = ieiθdθ = izdθ,

cos θ =
eiθ + e−iθ

2
=

z + z−1

2
,

cos nθ =
einθ + e−inθ

2
=

zn + z−n

2 .1<nmo0
∫ 2π

0

cos nθ

1 − 2c cos θ + c2
dθ =

∫

C

zn + z−n

2

1 − 2c
z + z−1

2
+ c2

1

iz
dz (13)

= −
1

2i

∫

C

zn + z−n

cz2 − (1 + c2)z + c
dz (14)

=
i

2

∫

C

1

zn

z2n + 1

(cz − 1)(z − c)
dz (15)

=
i

2c

∫

C

z2n + 1

zn(z − 1
c
)(z − c)

dz (16)

Y>Y 4 0 f(z) =
z2n + 1

zn(z − 1
c
)(z − c) .3jfkA.N0 f(z) ; 0 z = 0 U n J[58M 0 z = c U 1 J

51M 0 z =
1

c
U 1 J_51M .qpsrR] 5/M (*\_]3Qt U FaG#H6GL5 Y 5 rKu 58bWc (*v[wx,yQ

z = c ; 1 J^58M < 5a4 0
Resf(c) = lim

z→c
(z − c)

z2n + 1

zn(z − 1
c
)(z − c)

(17)

= lim
z→c

z2n + 1

zn(z − 1
c
)

(18)

=
c2n + 1

cn(c − 1
c
)

(19)

=
cn + c−n

c − c−1
(20)

z =
1

c
;az>J^58M < 5>4 0

Resf(
1

c
) = lim

z→
1

c

(z −
1

c
)

z2n + 1

zn(z − 1
c
)(z − c)

(21)

= lim
z→

1

c

z2n + 1

zn(z − c)
(22)

=
c−2n + 1

c−n(1
c
− c)

(23)

= −
cn + c−n

c − c−1
(24)



z = 0 ; n J^58M < 5:4 0
Resf(0) = lim

z→0

1

(n − 1)!

dn−1

dzn−1

(

zn z2n + 1

zn(z − 1
c
)(z − c)

)

(25)

= lim
z→0

1

(n − 1)!

dn−1

dzn−1

(

(z2n + 1)
1

(z − 1
c
)(z − c)

)

(26)

= lim
z→0

1

(n − 1)!

dn−1

dzn−1

(

(z2n + 1)
c

c2 − 1

(

1

z − c
−

1

z − 1
c

))

(27)

=
1

(n − 1)!

c

c2 − 1
lim
z→0

dn−1

dzn−1

(

(z2n + 1)

(

1

z − c
−

1

z − 1
c

))

(28)

Y>Y 4 0 1

z − c
,

1

z − 1
c

( Taylor {_| `_,a.10
1

z − c
= −

1

c
−

1

c2
z −

1

c3
z2 · · · −

1

cn+1
zn · · · (29)

1

z − 1
c

= −c − c2z − c3z2 · · · − cn+1zn · · · (30)

BWCOD 0
1

z − c
−

1

z − 1
c

= (c −
1

c
) + (c2 −

1

c2
)z + (c3 −

1

c3
)z2 · · · + (cn+1 −

1

cn+1
)zn · · · (31)

?A@
lim
z→0

dn−1

dzn−1

∞
∑

k=0

akz
k = (n − 1)! an−1 (32)

< 5:4 08} (28) U 03} (31) (*~>�_� @ t 5 }-(*)�+-,/.10
(z2n + 1)

(

(c −
1

c
) + (c2 −

1

c2
)z · · · + (cn −

1

cn
)zn−1 · · ·

)

(33)

Y 5 } 5 zn−1 51�WcL; 1 × (cn −
1

cn
) 4 V ,y� B>C=D 0

lim
z→0

dn−1

dzn−1

(

(z2n + 1)

(

1

z − c
−

1

z − 1
c

))

= (n − 1)!

(

cn −
1

cn

)

(34)

BWCOD
Resf(0) =

1

(n − 1)!

c

c2 − 1
(n − 1)!

(

cn −
1

cn

)

(35)

=
cn − c−n

c − c−1
(36)



i). |c| ≤ 1 ���6� .Y 5 .W�O0 C T/U6V , M�; z = 0 . z = c.
B>COD

∫

C

f(z) = 2πi Resf(0) + 2πi Resf(c) (37)

= 2πi

(

cn − c−n

c − c−1
+

cn + c−n

c − c−1

)

(38)

= 4πi
cn

c − c−1
(39)

BWCOD 0
∫ 2π

0

cos nθ

1 − 2c cos θ + c2
dθ =

i

2c

∫

C

f(z) (40)

=
i

2c

(

4πicn

c − c−1

)

(41)

=
2πcn

1 − c2
(42)

ii). |c| ≥ 1 ���L� .

Y 5 .W�O0 C T/U6V , M�; z = 0 . z =
1

c
.
B:COD

∫

C

f(z) = 2πi Resf(0) + 2πi Resf(
1

c
) (43)

= 2πi

(

cn − c−n

c − c−1
−

cn + c−n

c − c−1

)

(44)

= −4πi
c−n

c − c−1
(45)

BWCOD 0
∫ 2π

0

cos nθ

1 − 2c cos θ + c2
dθ =

i

2c

∫

C

f(z) (46)

=
i

2c

(

−4πic−n

c − c−1

)

(47)

=
−2πc−n

1 − c2
(48)

iii). c = 0 ���L� . ���P�'�
∫ 2π

0

cos nθ

1 − 2c cos θ + c2
dθ =

∫ 2π

0
cos nθdθ (49)

=

[

1

n
sinnθ

]2π

0
(50)

= 0 (51)



3. I =
∫ 2π

0
dθ e

cos θ cos(nθ − sinθ) !#"f$i& .

?*� 0 I ; t 5 BP� U/�W� 4 �W,qQ
I =

∫ 2π

0
dθ ecos θ cos(nθ − sinθ) (52)

= Re

∫ 2π

0
dθ ecos θei(nθ−sinθ) (53)

= Re

∫ 2π

0
dθ ecos θ−i sin θeinθ (54)

z = eiθ ./j%k=.10 z : C ���>JP�>�Nl , dz = ieiθdθ = izdθ, cos θ − i sin θ = e−iθ =
1

z
,

einθ = zn .=<-, .
B>COD
∫ 2π

0
dθ ecos θ−i sin θeinθ =

∫

C

1

iz
dz e

1

z zn (55)

= −i

∫

C

zn−1e
1

z dz (56)

f(z) = zn−1e
1

z .3j�kA.N0 f(z) ; 0 z = 0 43M .=<-, ���>�>�>� u � .

e
1

z ( Laurant {�| `�,a.N0
e

1

z = 1 +
1

z
+

1

2!

1

z2
+

1

3!

1

z3
+ · · · +

1

n!

1

zn
+ · · · (57)

BWCOD 0
f(z) = zn−1e

1

z (58)

= zn−1 + zn−2 +
1

2!
zn−3 + · · · +

1

(n − 1)!
+

1

n!

1

z
+ · · · (59)

z = 0 4658b>cL; 0 1

z
53�:c[43d +�e G , 5:4 0

Resf(0) =
1

n!
(60)

BWCOD 0
I = Re

(

−i

∫

C

zn−1e
1

z dz

)

(61)

= Re

(

− i 2πi Resf(0)

)

(62)

= Re

(

2π
1

n!

)

(63)

=
2π

n!
(64)



� �
2.

∫ 2π

0

cos nθ

1 − 2c cos θ + c2
dθ !a"f$i& .

?*� 0
∫ 2π

0

cos nθ

1 − 2c cos θ + c2
dθ = Re

∫ 2π

0

cos nθ + i sinnθ

1 − 2c cos θ + c2
dθ (65)

Y>Y 4 0 z = eiθ .3j%kO.N0 z : C ���>J��:�1l , dz = ieiθdθ = izdθ,

cos θ =
eiθ + e−iθ

2
=

z + z−1

2
, cos nθ + i sinnθ = einθ = zn .=<'mK0

∫ 2π

0

cos nθ + i sinnθ

1 − 2c cos θ + c2
dθ =

∫

C

zn

1 − 2c
z + z−1

2
+ c2

1

iz
dz (66)

=

∫

C

−
1

i

zn

cz2 − (1 + c2)z + c
dz (67)

=

∫

C

izn

(cz − 1)(z − c)
dz (68)

=

∫

C

izn

c(z − 1
c
)(z − c)

dz (69)

Y>Y 4 0 f(z) =
izn

c(z − 1
c
)(z − c) .8j�kO.N0 f(z) ; z = c,

1

c
4/M U < CADW� , .

z = c ; 1 J^58M < 5a4 0
Resf(c) = lim

z→c
(z − c)

izn

c(z − 1
c
)(z − c)

(70)

= lim
z→c

izn

c(z − 1
c
)

(71)

=
icn

c2 − 1
(72)

z =
1

c
;az>J^58M < 5>4 0

Resf(
1

c
) = lim

z→
1

c

(z −
1

c
)

izn

c(z − 1
c
)(z − c)

(73)

= lim
z→

1

c

izn

c(z − c)
(74)

=
ic−n

c(1
c
− c)

(75)

=
−ic−n

c2 − 1
(76)



i). |c| ≤ 1 ���6� .
Y 5 .L�A0 C T3U6V , ML; z = c 5#X .

B6CqD

∫

C

f(z) = Re (2πi Resf(c)) (77)

= Re

(

2πi
icn

c2 − 1

)

(78)

=
2πcn

1 − c2
(79)

ii). |c| ≥ 1 ���L� .

Y 5 .W�O0 C T/U6V , M�; . z =
1

c
5>X .

B:C=D
Re

∫

C

f(z) = Re

(

2πi Resf(
1

c
)

)

(80)

= Re

(

2πi
ic−n

1 − c2

)

(81)

=
−2πc−n

1 − c2
(82)


