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1. i). I =
∫

∞

−∞

dx e−ax2

(a > 0) !#"�$&% .

')(+*
I2 =

∫

∞

−∞

dx e−ax2 ×
∫

∞

−∞

dy e−ay2

=

∫

∞

−∞

∫

∞

−∞

dxdy e−a(x2+y2) (1)

x = r cos θ, y = r sin θ ,.-0/1, dxdy = r drdθ, r : 0 → ∞, θ : 0 → 2π ,12436587 *

I2 =

∫ π

0

∫

∞

0
r e−ar2

dr dθ (2)

=

∫ π

0

[

− 1

2a
e−ar2

]

∞

0
dθ (3)

=

∫ π

0

1

2a
dθ (4)

= 2π
1

2a
(5)

=
π

a
(6)

9;:=<
I =

√

π

a
(7)

ii). CR >@?BA8C ∫

CR

dz e−z2 !#DFEHGJI
∫

∞

−∞

dx sin x2,

∫

∞

−∞

dx cos x2 !K"0$&% .

π

4

CR

B

AO

R

e−z2 L+M;N
(O;P *1)

9RQ *
lim

R→∞

∫

CR

dz e−z2

= 0

CR S+TVU OA, AB, BO WVXVY < ∫
CR

dz e−z2 5[ZJ\ S6]8^@_ 3 .

T;U OA
L *

z = t ,.-0/1, * t : 0 → R, dz = dt
9RQ *

i) Sa`;bR_ 3K,
lim

R→∞

∫

OA
dz e−z2

= lim
R→∞

∫ R

0
e−t2dt =

∫

∞

0
e−t2dt =

√
π

2
(8)

T;U AB
L c O8P *2

9RQ
)
*

lim
R→∞

∫

AB
dz e−z2

= 0 (9)



T;U BO
L *

z =
1√
2
(1 + i)t ,d-0/6, * t : R → 0, dz =

1√
2
(1 + i)dt, z2 = it2

9RQ *

lim
R→∞

∫

BO
dz e−z2

= lim
R→∞

∫ 0

R
e−it2 1√

2
(1 + i)dt (10)

= lim
R→∞

− 1√
2
(1 + i)

(

∫ R

0
cos t2dt − i

∫ R

0
sin t2dt

)

(11)

= − 1√
2
(1 + i)

(
∫

∞

0
cos t2dt − i

∫

∞

0
sin t2dt

)

(12)

e@f 7 *
lim

R→∞

∫

OA
dz e−z2

+ lim
R→∞

∫

AB
dz e−z2

+ lim
R→∞

∫

BO
dz e−z2

= 0 (13)

9@Q *
Is =

∫

∞

−∞

dx sin x2, Ic =

∫

∞

−∞

dx cos x2 ,d-g/=, *
√

π

2
+ 0 − 1√

2
(1 + i)

(

Ic

2
− i

Is

2

)

= 0 (14)

98:=< *+h8i _ 3K, *
Ic − iIs =

√

π

2
− i

√

π

2
(15)

];j *+k j4Sal;mR_ 3 f ,=W 98:=<
Ic = Is =

∫

∞

−∞

dx sin x2 =

∫

∞

−∞

dx cos x2 =

√

π

2
(16)



2. i). I2 =
∫

∞

−∞

dx
1

x4 + a4
(a > 0) !K"0$&% .

AB

CR

O
R

lim
R→∞

∫

CR

dz
1

z4 + a4 S6npo 3d, *+q AB 7;5dZ8\ L 0 ,12436587 *

lim
R→∞

∫

CR

dz
1

z4 + a4
=

∫

∞

−∞

dx
1

x4 + a4
= I2 (17)

'6rV*
f2(z) =

1

z4 + a4
=

1

(z − aei π

4 )(z − aei 3

4 π)(z − aei 5

4
π)(z − ei 7

4
π)

(18)

2;587 * CR 5Js.W#t8u;v8w;x czy|{ 5.}�~ L aei π

4 , aei 3

4
π 5����#��3 .

9J:6< *
lim

R→∞

∫

CR

dz
1

z4 + a4
= 2πi Resf2(aei π

4 ) + 2πi Resf2(aei 3

4 π) (19)

'6rV*
2πi Resf2(e

i π

4 ) = 2πi lim
z→ae

i
π
4

(z − aei π

4 )f2(z) (20)

= 2πi lim
z→ae

i
π
4

1

(z − aei 3

4
π)(z − aei 5

4
π)(z − aei 7

4
π)

(21)

= 2πi
1

(aei π

4 − aei 3

4
π)(aei π

4 − aei 5

4
π)(aei π

4 − aei 7

4
π)

(22)

= 2πi
1

a3

(√
2

2

)3
1

i(1 + i)1
(23)

=

√
2π

4a3
(1 − i) (24)

�[� W
2πi Resf2(e

i 3

4
π) =

√
2π

4a3
(1 + i) (25)

9;:=<
lim

R→∞

∫

CR

dz
1

z4 + a4
= 2πi Resf2(e

i π

4 ) + 2πi Resf2(e
i 3

4
π) (26)

=

√
2π

4a3
(1 − i) +

√
2π

4a3
(1 + i) (27)

=

√
2π

2a3
(28)

9;:=<
I2 =

√
2π

2a3
(29)



ii). In =
∫

∞

−∞

dx
1

x2n + a2n
!#"g$�% .

2-i) , �[� W npo 3d,
lim

R→∞

∫

CR

dz
1

z2n + a2n
=

∫

∞

−∞

dx
1

x2n + a2n
= In (30)

fVf 7 * z2n = −a2n = ei(−π+2kπ), (k = 1, 2, 3, · · ·) 9�Q * z2n + a2n L
z = zk = aei 2k−1

2n
π(k = 1, 2, 3, · · · , 2n) (31)

7 0 ,12�3 . 2J- * z2n
k = −a2n.9;:=< *

fn(z) =
1

z2n + a2n
=

1

(z − aei 1

2n
π)(z − aei 3

2n
π) · · · (z − aei 4n−1

2n
π)

(32)

2;587 * fn(z) 5[tVu8v;w8x czy|{ 5.}@~ L zk = aei 2k−1

2n
π, (k = 1, 2, 3 · · · 2n) 7d� o����3�� f � L *��#� a 5J�1�JW+� U�� WK\8�R� <J� 3=587 * e 5&��� CR � c � �8� ~[WJ�3K��5 L zk = aei 2k−1

2n
π, (k = 1, 2, 3 · · · n) 5 n ��7J�
3 �9;:=< *
lim

R→∞

∫

CR

dz
1

z2n + a2n
= 2πi

n
∑

k=1

Resfn(zk) (33)

fVf 7
Resfn(zk) = lim

z→zk

(z − zk)
1

z2n + a2n
(34)

= lim
z→zk

1
(z2n+a2a)−0

z−zk

(35)

=
1

lim
z→zk

(z2n + a2a) − (z2n
k + a2n)

z − zk

(36)

=
1

d

dz
(z2n + a2n)

∣

∣

∣

∣

z=zk

(37)

=
1

2nz2n−1
k

(38)

=
zk

2nz2n
k

(39)

= − zk

2na2n
(40)

9;:=< *.¡;¢ 5d£ S)¤¦¥ 3+, c � l8§ ¢ (ei 2k−1

2n
π) 5.£ 9@Q ~

2πi

n
∑

k=1

Resfn(zk) = 2πi

n
∑

k=1

−zk

2na2n
(41)

= − 2πi

2na2n

n
∑

k=1

aei 2k−1

2n
π (42)



= − πi

na2n−1

n
∑

k=1

ei 2k−1

2n
π (43)

= − πi

na2n−1

(ei π

n )n − 1

ei π

n − 1
ei 1

2n
π (44)

= − πi

na2n−1

−1 − 1

ei
π
n −1

e
i

1

2n
π

(45)

=
π

na2n−1

2i

ei π

2n − e−i π

2n

(46)

=
π

na2n−1

1

sin π
2n

(47)

9;:=< *
In =

π

na2n−1

1

sin π
2n

(48)

v�W * n = 4 5@,;¨
I4 =

π

2a3

1

sin π
4

=

√
2π

2a3
(49)

,�2 Q *+©�ª W i) ,)«8¬ _ 3a�
 �
zk 7;5 ¡;¢ L#®8¯ 5 9 �°W�� ¤R¥4��� 3 �

Resfn(zk) = lim
z→zk

(z − zk)
1

z2n + a2n
(50)

= lim
z→zk

z − zk

z2n − z2n
k

(51)

= lim
z→zk

z − zk

(z − zk)(z2n−1 + zkz2n−2 + · · · + z2n−2
k z + z2n−1

k )
(52)

= lim
z→zk

1

z2n−1 + zkz
2n−2 + · · · + z2n−2

k z + z2n−1
k

(53)

=
1

2nz2n−1
k

(54)

=
zk

2nz2n
k

(55)

= − zk

2na2n
(56)



±�²

*1 e−z2 ³F´
µ�¶�·&¸�¹
º+»�¼�½
z = x + iy ,d-g/=, *

e−z2

= e−(x2+2xyi−y2) = e−x2+y2

e−2xyi = e−x2+y2

(cos 2xy − i sin 2xy) (57)

98:=< *
e−z2

= X + iY , _ 3K,
X = e−x2+y2

cos 2xy (58)

Y = −e−x2+y2

sin 2xy (59)

9;:=<
dX

dx
= −2xe−x2+y2

cos 2xy − 2ye−x2+y2

sin 2xy (60)

dX

dy
= 2ye−x2+y2

cos 2xy − 2xe−x2+y2

sin 2xy (61)

dY

dx
= 2xe−x2+y2

sin 2xy − 2ye−x2+y2

cos 2xy (62)

dY

dy
= −2ye−x2+y2

sin 2xy − 2xe−x2+y2

cos 2xy (63)

2;587
∂X

∂x
=

∂Y

∂y

ª � ∂Y

∂x
= −∂X

∂y
(64)

9@Q *
CR 5p¾1¿VÀJÁ#Â Q u��K5;7 e−z2 LKMVN �



*2 lim
R→∞

∫

AB
dz e−z2

= 0
»¦¼�½

z = Reiθ ,.-�/=, * θ : 0 → π

4
, dz = iReiθdθ

9RQ *
|dz| = |iReiθ||dθ| = Rdθ (65)

'6r
∣

∣

∣e−z2
∣

∣

∣ =
∣

∣

∣e−R2ei2θ
∣

∣

∣ (66)

=
∣

∣

∣e−R2 cos 2θ−iR2 sin 2θ
∣

∣

∣ (67)

=
∣

∣

∣e−R2 cos 2θ
∣

∣

∣

∣

∣

∣e−iR2 sin 2θ
∣

∣

∣ (68)

= e−R2 cos 2θ × 1 (69)

9;:=<
∣

∣

∣

∣

∫

AB
dz e−z2

∣

∣

∣

∣

≤
∫

AB
|dz|

∣

∣

∣e−z2
∣

∣

∣ (70)

=

∫ π

4

0
R e−R2 cos 2θdθ (71)

≤
∫ π

4

0
R e

−R2(1−
4

π
θ)

dθ (72)

= R e−R2







π

4

1

R2
e
R2

4

π
θ







π

4

0

(73)

= R e−R2 π

4

1

R2
(eR2 − 1) (74)

=
π

4

1

R

(

1 − 1

eR2

)

(75)

R → ∞ 7 * 1

R
→ 0
* 1

eR2
→ 0

9RQ *

lim
R→∞

∣

∣

∣

∣

∫

AB
dz e−z2

∣

∣

∣

∣

≤ 0 (76)

9;:=< *
lim

R→∞

∫

AB
dz e−z2

= 0 (77)


