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1. i) < f, g >=
∫ b

a
f ∗(x)g(x)dx ���! #"%$'&%( {ϕn(x)} )
*,+,-
.0/2143%5
(�6#7

1��98;:#<>=@?BA .CED;F {ϕn(x)} GIH9J;K9L�MONIPRQ9S4T;U�VXWZY;VE['\%]_^a`'MRb'c�d'e
Ngf
< ϕm(x), ϕn(x) > = 0 (m 6= n) (1)

< ϕn(x), ϕn(x) > = 1 (2)CED;F {ϕn(x)} GIh9i F�j9k N4PRQ9S4T;U�Vl[!\#]m^�`!MEb9cad!e,Nnf
∑

n

ϕn(x)ϕ∗

n(x′) = δ(x − x′) (3)

ii). ϕn(x) =
1√
2π

einx, 0 ≤ x ≤ 2π, (a = 0, b = 2π) ) i) oqpsr,/ut,�voIw@x
< ϕm(x), ϕn(x) >= 0 (m 6= n)

j Y!yIz
< ϕm(x), ϕn(x) > =

∫ 2π

0
(

1√
2π

eimx)∗
1√
2π

einx dx (4)

=

∫ 2π

0

1√
2π

e−imx 1√
2π

einx dx (5)

=
1

2π

∫ 2π

0
ei(n−m)x dx (6)

=
1

2π

[

ei(n−m)x

i(n − m)

]2π

0

(7)

=
1

2π

(

1

i(n − m)
− 1

i(n − m)

)

(8)

= 0 (9)

< ϕn(x), ϕn(x) >= 1
j Yqy!z

< ϕn(x), ϕn(x) > =

∫ 2π

0
(

1√
2π

einx)∗
1√
2π

einx dx (10)

=

∫ 2π

0

1√
2π

e−inx 1√
2π

einx dx (11)

=
1

2π

∫ 2π

0
1 dx (12)

=
1

2π
2π (13)

= 1 (14){ `!SI|~}2� ClD V��E�0���l� D9�>� ]m��y;z
∑

n

ϕn(x)ϕ∗

n(x′) =
∑

n

1√
2π

einx(
1√
2π

einx′

)∗ (15)

=
∑

n

1

2π
ein(x−x′) (16)

= δ(x − x′) (17)



���s�I��� S ϕn(x) =
1√
2π

einx Q4H!J!K!L��;S~h!i F d!e
NIPlyq�,Nmf

iii). r(x) = f(x) −
∞
∑

n=−∞

cnϕn(x) �v�9 ||r||2 =< r, r > oq�
�#��/01 cn 8;:#<>�� A
< r, r > = < f −

∑

cnϕn, f −
∑

cnϕn > (18)

= < f, f > − < f,
∑

cnϕn > (19)

− <
∑

cnϕn, f > + <
∑

cnϕn,
∑

cnϕn > (20)

= < f, f > −
∑

cn < f,ϕn > −
∑

c∗n < ϕn, f > +
∑

c∗ncn (21)

�!� d9S ||r|| Gq�!� j'k NZb9caS ∂||r||
∂cn

=
∂||r||
∂c∗n

= 0 P k N�VIdvS
(

∂||r||
∂αn

=
∂||r||
∂βn

= 0, (cn = αn + iβn) P~�E� )

∂||r||
∂c∗n

= − < ϕn, f > +cn = 0 (22)

�9� z
cn = < ϕn, f > (23)

=

∫ a

b
ϕn(x)∗f(x)dx (24)

(25)

VaPv� j ||r|| QI�!� j9k Nnf
ii) V~b;c��OP

cn =

∫ 2π

0
(

1√
2π

einx)∗f(x)dx (26)

=
1√
2π

∫ 2π

0
f(x)e−inxdx (27)



2. f(x) = cos zx o −π ≤ x ≤ π 6>�, ,¡0¢X� x = π �a�! %" cot πz £�¤
¥,¥
&,¡0¢oq� � A .¦9§ � D;¨9D ]_©aª,N .

a0 =
1

π

∫ π

−π
cos zx dx =

1

π

[

1

z
sin zx

]π

−π

(28)

=
1

πz
(sinπz − sin (−πz)) (29)

=
2 sin πz

πz
(30)

an =
1

π

∫ π

−π
cos zx cos nx dx (31)

=
1

π

∫ π

−π

1

2
(cos (z + n) + cos (z − n)) dx (32)

=
1

2π

[

sin (z + n)x

z + n
+

sin (z − n)x

z − n

]π

−π

(33)

=
1

2π

(

sin (z + n)π

z + n
+

sin (z − n)π

z − n
− sin (z + n)(−π)

z + n
− sin (z − n)(−π)

z − n

)

(34)

=
1

π

(

sin (z + n)π

z + n
+

sin (z − n)π

z − n

)

(35)

bn =
1

π

∫ π

−π
cos zx sinnx dx (36)

=
1

π

∫ π

−π

1

2
(sin (z + n) + sin (z − n)) dx (37)

=
1

2π

[

−cos (z + n)x

z + n
− cos (z − n)x

z − n

]π

−π

(38)

=
1

2π

(

−cos (z + n)π

z + n
− cos (z − n)π

z − n
+

cos (z + n)(−π)

z + n
+

cos (z − n)(−π)

z − n

)

(39)

= 0 (40)

(41)�9� z
cos zx =

2 sinπz

πz
+

1

π

∞
∑

n=1

(

sin (z + n)π

z + n
+

sin (z − n)π

z − n

)

cosnx (42)

{ `!S x = π ]_«;¬�M>NIPES
cos zπ =

2 sinπz

πz
+

1

π

∞
∑

n=1

(

sin (zπ + nπ)

z + n
+

sin (zπ − nπ)

z − n

)

cos nπ (43)

=
2 sinπz

πz
+

1

π

∞
∑

n=1

(

(−1)n sin zπ

z + n
+ (−1)n sin zπ

z − n

)

(−1)n (44)

=
2 sinπz

πz
+

1

π

∞
∑

n=1

(

sin zπ

z + n
+

sin zπ

z − n

)

(45)

�9� z!S cot zπ V~­!®;® D;�O� G;¯aV �O° j4± ��� Nnf
cot zπ =

cos πz

sinπz
(46)

=
2

πz
+

1

π

∞
∑

n=1

(

1

z + n
+

1

z − n

)

(47)
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∂2u

∂t2
= a2

(

∂2u

∂x2
+

∂2u

∂y2

)

(0 ≤ x ≤ 1, 0 ≤ y ≤ 1)

½
¾,¿
À
u(t = 0, x, y) = xy(1 − x)(1 − y) ,

∂u

∂t
(t = 0, x, y) = 0

Á
Â ¿
À
u(t, x = 0, y) = u(t, x = 1, y) = u(t, x, y = 0) = u(t, x, y = 1) = 0

u(t, x, y) = T (t)X(x)Y (y) PlÃ��RSIÄ�� ��� `EÅ!Æ!®!Ç!È!É j «!¬>M�NIPES
XY T ′′ = a2TX ′′Y + a2TXY ′′ (48)

��� ]n¯aV ��° j~Ê;Ë M�N4PmÌqÍ'Q t V!ÎIV C�D SRÏqÍvQ x, y V C�D P k N�Vqd;SRÐqÍP9ÑmÒ D (λ) P k N
T ′′

T
= a2

(

X ′′

X
+

Y ′′

Y

)

= λ (49)

{ `!S � V~Ï;Í = λ
j Y;yIz,ÑRS4¯aV �%° j x, y ]�®;Ó�d
��SIÒ D (λx) P~Ã4Ô#N

X ′′

X
=

λ

a2
− Y ′′

Y
= λx (50)

�9� z
T ′′

T
= λ(= a2(λx + λy)) (51)

X ′′

X
= λx (52)

Y ′′

Y
= λy (53)

X,Y
j Yqy;z;Q'SlÕ9Ö;[!\ X(0) = X(1) = Y (0) = Y (1) = 0 ]m�>y�N � P j ��� S

λx = −m2π2, Xm(x) = Cxm sinmπx (54)

λy = −n2π2, Yn(y) = Cyn sinnπy (55)

P k Nnfv`I���qS Cxm, Cyn QIÒ D S m = 1, 2, 3, · · · , n = 1, 2, 3, · · · d!e,Nnf
� V λx, λy

jI× �;z T (t) Q'S λ = −a2(m2 + n2)π
k V;d!S

Tmn(t) = Ct1mn cos
√

m2 + n2 πat + Ct2mn sin
√

m2 + n2 πat (56)

P k NnfqØ;Ù9[;\ ∂u

∂t
(t = 0, x, y) = 0

�>� S T ′(0) = 0 P k N�V!d Ct2mn = 0.
�;� z

Tmn(t) = Ct1mn cos
√

m2 + n2 πat (57)

��° �qz~Õ9Ö;[9\%P_Ø;Ù9[;\#]m^�`9MEÚ#] ± Nnf
umn(t, x, y) = Cmn sinmπx sinnπy cos

√

m2 + n2 πat (58)



`I���qS Cmn Q'S Cmn = Ct1mn × Cxm × Cyn

�>� Äa� ��� NZÒ D f�I� z;S_Õ;Öq[!\
PnÛ!ÜvVEØ;Ù;[q\%]g^�`9M�Ý;Þ!Ú9Q �_�@� ]gßvà~cváRâ>`E¯�VlÉ'd ±��� Nnf
u(t, x, y) =

∞
∑

m=1

∞
∑

n=1

Cmn sinmπx sinnπy cos
√

m2 + n2 πat (59)

��� G�Slã9äaV~Ø;Ù9[;\ u(t = 0, x, y) = xy(1 − x)(1 − y) ]m^�`9Mq`!ª j Q'S
u(0, x, y) =

∞
∑

m=1

∞
∑

n=1

Cmn sinmπx sinnπy = xy(1 − x)(1 − y) (60)

GIå �çæ YRè'é9G�e
Nnf�!� d
Cm =

∞
∑

n=1

Cmn sinnπy (61)

PlÃXê�PëSlÉ (60) Q
xy(1 − x)(1 − y) =

∞
∑

m=1

Cm sinmπx (62)

PlÃ4Ô#Nmf���s� Q
�l�s�ì�ëí9î;� D d9e
N�V!d9S!ï �9ð9� É (61) SIÉ (62) ñ � ¯�VlÉ#] ± Nnf
Cmn = 2

∫ 1

0
Cm sinnπydy (63)

Cm = 2

∫ 1

0
xy(1 − x)(1 − y) sinmπxdx (64)

�;� z!S
Cmn = 2

∫ 1

0
2

(
∫ 1

0
xy(1 − x)(1 − y) sinmπxdx

)

sinnπy dy (65)

= 4

∫ 1

0

∫ 1

0
xy(1 − x)(1 − y) sinmπx sinnπy dx dy (66)

= 4

∫ 1

0
x(1 − x) sinmπx dx

∫ 1

0
y(1 − y) sinnπy dy (67)

x V~ò!® j Y!yIzIó!ô>M>Nmf
∫ 1

0
x(1 − x) sinmπx dx =

[

−x(1 − x)
cos mπx

mπ

]1

0
−
∫ 1

0
−(1 − 2x)

cos mπx

mπ
dx(68)

= 0 +

∫ 1

0
(1 − 2x)

cos mπx

mπ
dx (69)

=

[

(1 − 2x)
sin mπx

(mπ)2

]1

0

−
∫ 1

0
−2

sinmπx

(mπ)2
dx (70)

= 0 −
[

2
cos mπx

(mπ3)

]1

0

(71)

=
2

(mπ)3
(1 − cos mπ) (72)



y V~ò!® j Y!y4z,Ñl�ëõ j ó9ô�MONmf
∫ 1

0
y(1 − y) sinnπy dy =

2

(nπ)3
(1 − cos nπ) (73)

�9� z
Cmn = 4

∫ 1

0
x(1 − x) sinmπx dx

∫ 1

0
y(1 − y) sinnπy dy (74)

= 16
1 − cos mπ

(mπ)3
1 − cos nπ

(nπ)3
(75)

ö9÷ SvM�ø�z9V~[;\#]m^�`9MEÚvQ
u(t, x, y) = 16

∞
∑

m=1

∞
∑

n=1

1 − cos mπ

(mπ)3
1 − cos nπ

(nπ)3
sinmπx sinnπy cos

√

m2 + n2 πat (76)


