
Berry phases,...

Berry phase, extension of KSV formula & Chern number
Berry connection ?

TKNN number & Hall conductance

One body to many body

extension of the KSV formula

Numerical examples: graphene
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Berry connection, Chern numbers ?
✓
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phase is arbitrary

Gauge Freedom
M.V.Berry, ’84

choice is singular



H(x) = (x)(x) (x)

Berry Connection

A� = ��|d�� = ��| d
dx��dx.

|�(x)� = |��(x)�ei�(x)

A� = A�
� + id� = A�

� + i
d�
dx

dx

(Abelian)

i�C(A�) =
�

C
A�

Gauge Transformation

x y

parameter space
Eigenvectors ( space )  
with Parameters

Information between nearby states
Berry connection :

gauge potentialGeometrical quantities
: Berry phase

Fiber Bundle
H(x) and H(y) are independent

2�



Spectral Flow

Hamiltonian depends on Some parameters

Eigenstate Energies as a Function of Some Parameters

Berry’s Connection

Phase Ambiguity                 Gauge Freedom

Spectral Flow and Berry’s Connection

H(x)|n(x)⟩ = En(x)|n(x)⟩

H(x)
En(x)

En
er

gy

Some Parameter x

|n(x)⟩′ = e
iθ(x)|n(x)⟩

A′ = A + idθ

A⃗
′ = A⃗

′ + i∇⃗θ

A = ⟨n|d|n⟩

A⃗ = ⟨n|∇⃗|n⟩



Berry connection in a textbook

A=0 OK!

ONLY LOCALLY !

Berry phases,...



TKNN formula:           as a topological invariant
Topological meaning of the Hall Conductance

Thouless-Kohmoto-Nightingale-den Nijs ‘82
�xy =

e2

h

�

⌅:�⇥(k)<EF

C⌅

:First Chern number of the   -th Band�

Sum over the bands below EF

C⇥ =
1

2�i

�

T 2:BZ
F⇥

F⇥ = dA⇥ = �d⇥⇥|d⇥⇥⇥
A⇥ = �⇥⇥|d⇥⇥⇥

intrinsically integer
unless the energy gap collapses 

⇥k, ��(k) �= ��±1(k)
regularity of the Berry connection

Kubo formula

H(k)|⇤⇥(k)⇧ = �(k)|⇤⇥(k)⇧
k ⇥ T 2 = {k = (kx, ky)| 0 � kx, ky � 2⇥}

d = dkµ
⇧

⇧kµ

BZ

�xy

Berry phases,...



One-body to Many-body

YH 2004

� =( |�1⇥, · · · , |�M ⇥) Collect M states below the Fermi level

AFS ⇥ �†d� =

�

⇧⇤
⇤�†

1|d�1⌅ · · · ⇤�†
1|d�M ⌅

...
. . .

...
⇤�†

M |d�1⌅ · · · ⇤�†
M |d�M ⌅

⇥

⌃⌅

Matrix vector potential of the Fermi ( Dirac ) Sea
Non Abelian extension for the Chern numbers

�
xy

=
e2

h

1

2⇡i

Z

T

2

dA =
e2

h

1

2⇡i

Z

T

2

Tr
M

dA
FS

� = (�
x

,�
y

)

one particle problem Twisted boundary conditions

Niu-Thouless-Wu formula |Gi =
MY

`=1

(c† `)|0i
M particle state: filled Dirac sea 

A = hG|dGi = TrMAFS Many-body from one-body

H(�)| j(�)i = ✏j(�)| j(�)i

TKNN formula

Berry phases,...



Topological meaning of the Hall Conductance

Thouless-Kohmoto-Nightingale-den Nijs ‘82
 Sum of the First Chern numbers below EF�bulk

xy =
e2

h

�

⌅:�⇥(k)<EF

C⌅

⇥edge
xy =

e2

h
I(�j , C

j)

When EF is in the j-th gap

Winding number of the edge state 
in the complex energy surface Hatsugai ‘93a

�bulk
xy = �edge

xy

Hatsugai ‘93b

Two topological quantities

Bulk ---- Edge Correspondence

Berry phases,...



Fictitious Flux Density

Total Flux over the Parameter Space is the Chern Number C 

What is the SURFACE      ?

     For the QHE, specifying two twisting parameters in x and y directions

This is Always Integer due to generic Topological Reasons

Chern Numbers:
Total Flux of Berry’s Connection

B = dA

B⃗ = ∇⃗ × A⃗ = rot A⃗

C =
1

2πi

∫
S

B =
1

2πi

∫
S

dA

=
1

2πi

∫
S

dS⃗ · B⃗

S

Torus
(No Boundary)S = {(φx,φy) | φx,y ∈ [0, 2π]} = T

2



Chen Number for Superconductors
BCS Hamiltonian (2 × 2) and Parametrization

Chern Number and Dirac Monopole

h|R⟩ = E±|R⟩, E± = ±|R|, |R⟩ =

(
− sin

θ

2
eiφ cos

θ

2

)

BR: Monopole at the Origin

PRB65, 212510-1-4(2002), B70, 0545-2 (2004)

h(k) =

(

ϵ(k) ∆(k)
∆∗(k) −ϵ(k)

)

= σ · R(k) : k → R = (Rx, Ry, Rz)

Brillouin Zone

(Berry)

(TKNN)
C =

1

2πi

∫

BZ

dSk · Bk =
1

2πi

∫

BZ
dkxdky

(

⟨∂xk|∂yk⟩ − ⟨∂yk|∂xk⟩

)

: σxy

=
1

2πi

∫

R(BZ)
dSR · BR, BR = rotR ,ARAR = −

i

2

R

R3
, AR = ⟨R|∇R⟩

= −

∫

V, ∂V =R(BZ)
dV δ(r) = −Ncovering



Berrys’ Connection ( ex.Quantum Hall Effect )

Chern Number as a Total Flux over the 2D BZ

H(k)|n(k)⟩ = E(k)|n(k)⟩

Chern Number and Berry’s Connection

A = ⟨n|dn⟩ = Aµdkµ = ⟨n|∂µn⟩dkµ µ = 1, 2, k⃗ = (k1, k2)

k⃗ = (k1, k2) ∈ 2D Brillouin Zone

F = dA = ⟨dn|dn⟩ = (∂1A2 − ∂2A1)dk1 ∧ dk2 = F12d
2
k

(0,2!) (2!,2!)

(2!,0)(0,0)

2D Brillouin zone is a torus

σxy =
e2

h

∑

E(k)<EF

C
Hall Conductance

C =
1

2πi

∫
T 2

F =
1

2πi

∫
T 2

d2k F12



Phase of different k points is independent!

      Gauge Freedom

Gauge Fixing 

Berry’s Connection and Gauge Freedom 

|n⟩ →|n⟩′ = |n⟩ω, ω = e
iθ

, θ ∈ R

A →A
′ = ′⟨n|d|n⟩′ = A + ω

†
dω = A + idθ

F →F
′ = dA

′ = F

|φ⟩ : Arbitrary State

|nφ⟩ = P |φ⟩/Nφ, Only if Nφ ̸= 0

P = |n⟩⟨n|

Nφ = |⟨φ|n⟩|

: Projection to the state

: Normalization for

|n⟩

⟨nφ|nφ⟩ = 1

: k dependent!

H(k)|n(k)⟩ = E(k)|n(k)⟩

H(k)
(
|n(k)⟩eiθ(k)

)
= E(k)

(
|n(k)⟩eiθ(k)

)



Gauge Dependent Topological Expression
The Chern Number is always Zero ??

Patch work on BZ to avoid singularities
      Use Several (local) 

|n⟩R =|n⟩0ω0R

AR =ω−1
0R

A0ω0R + ω
†
0R

dω0R

C =
1

2πi

∫
T 2

dA =
1

2πi

∫
∂T 2

A = 0 ??

Stokes Theorem No Boundary

Wrong! 

     can be zero
Nφ = |⟨φ|n⟩|

|φ⟩

C =
1

2π

∮

∂R0

dΩ = NΩ(R0)

Ω =Arg ⟨φ′|P |φ⟩

=Arg
⟨n|φ⟩

⟨n|φ′⟩

R0

Intrinsically Integer
Topological !

Nφ(k) = 0

Gauge Dependent !



Link variable & Field Strength on Plaquette

Chern Number on Lattice

Chern Numbers on a Discrete Brillouin Zone

kℓUµ(kℓ) ≡ ⟨n(kℓ)|n(kℓ + µ̂)⟩/Nµ(kℓ)

Uµ(kℓ) :

Nµ(kℓ) = |⟨n(kℓ)|n(kℓ + µ̂)⟩|

F̃12(kℓ) ≡ lnU1(kℓ)U2(kℓ + 1̂)U1(kℓ + 2̂)−1
U2(kℓ)

−1
:

F̃12(kℓ)

−π < F̃12(kℓ)/i ≤ π (principal value)

Do not Use Any Gauge 
Dependent Quantities,

Gauge Invariant,
No Use of Berry’s Connection Also Topological:

Intrinsically Integer 

1

2

NB

c̃ ≡
1

2πi

∑
ℓ
F̃12(kℓ)

Fukui-Hatsugai-Suzuki, JSJ, 74, 1674 (2005)

皆さんもジャーナルに論文を投稿しましょう



Ex.: 2D Bloch Electrons in a Magnetic Field

En
er
gy

φ 10

φ = 1/3

φ = 1/3 second band
t

t

t’

Dj = t cos(ky + 2πφj)

Bj = t + 2t
′ cos(ky − 2πφ(j + 1/2))

H(k) =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

−D1 −B1 0 · · · −B∗

q e−iqkx

−B∗

1 −D2 −B2

0 −B∗

2 −D3

. . .
. . .

. . .
. . .

. . .
−Bqe

iqkx 0 −B∗

q−1 −Dq

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

H(k)|n(k)⟩ = E(k)|n(k)⟩

q = 3

φ = p/q



Admissibility Condition:
Need this for consistency

Critical Mesh Size : 
To reproduce the one in the continuum

Coarse discretization work quite well !!
Advantage for Practical Numerical Calculation

Admissibility and Critical Mesh Size

Lattice Field Strength        and Continuum Field Strength
t
′ = 0 (a)

xk

yk

12F
~

xk

yk

12F

(c)

xk

yk

12F
~

(b)

- i - i - i

NB = 3 NB = 9 continuum

F̃12 F12

c̃ = 2 for both (a) and (b)

|F̃12| < π

N
C

B = O(c̃) c̃ = c if NB > N
C

B



Numerical Evaluation of the Berry Phases (incl. non-Abelian)

(1) Discretize the periodic parameter space
x0, x1, · · · , xN = x0

xn = ei�n �n+1 = �n + ��n

�0 = 0, �N = 2⇥
���n � 0

(2) Obtain eigen vectors

(3) Define Berry connection in a discretized form

King-Smith & Vanderbilt ’93 (polarization in solids)
Luscher ’82 (Lattice Gauge Theory)

T. Fukui, H. Suzuki & YH ’05 (Chern numbers)

H(xn)|�i
n� = Ei(xn)|�i

n�

(4) Evaluate the Berry phase

Gauge invariant
     after the discretization

An = Im log det Dn, {Dn}ij = ⇤�i
n|�

j
n+1⌅

Independent of the choice of the phase |�n⇥ � |�n⇥�ei�n

= Im log⇥�0|�1⇤⇥�1|�⇤ · · · = Im log det D1D2 · · · Dn� =
N�1�

n=0

An

non-Abelian

non-Abelian
( )

Convenient for Numerics

An = Im logh n| n+1i



Berry’s Connection

Gauge Transformation ( Base Change )

Field Strength

Connection and Gauge Transformation

F =dA + AA

F
′
=ω

−1Fω

Tr F =Tr F
′
= Tr dA

Ψ =
(

|ψ1⟩, |ψ2⟩, · · · , |ψM ⟩
)

A =Ψ
†
dΨ =

⎛

⎜

⎝

⟨ψ1|

...
⟨ψM |

⎞

⎟

⎠

(

|dψ1⟩, · · · , |dψM ⟩
)

Ψ
′ =Ψω =

(

|ψ1⟩, |ψ2⟩, · · · , |ψM ⟩
)

⎛

⎜

⎝

ω11 · · · ω1M

...
. . .

...
ωM1 · · · ωMM

⎞

⎟

⎠

 0 = !

A0 = 0d 0

=!�1A! + !�1d!

cf. Wilczek & Zee ( Berry Phase )



Chern Numbers and Patch Work 
Chern Numbers

Patch Work on S

CS =
1

2πi

∫

S

Tr F =
1

2πi

∫

S

Tr dA

S

V

A(x) =AR(x), x ∈ SR, S = ∪SR, R = 0, 1, 2, · · ·

ΨR =Ψ0ω0R

AR =ω
−1

0R
A0ω0R + ω

−1

0R
dω0R

CS =
1

2πi

∑
R

∫
Si

dTr AR =
1

2πi

∑
R

∫
∂SR

Tr AR

=
1

2πi

∑
R≥1

∫
∂SR

Tr (AR − A0)

=
1

2π

∑
R≥1

∫
∂SR

Im Trω
−1
0R

dω0R

=
1

2π

∑
R≥1

∫
∂SR

Im Tr d log ω0R



Non Abelian Chern Number on Lattice

The Lattice Formulation is also applicable!
Uµ(kℓ) ≡ ⟨n(kℓ)|n(kℓ + µ̂)⟩/Nµ(kℓ)

Uµ(kℓ) Nµ(kℓ) = |⟨n(kℓ)|n(kℓ + µ̂)⟩|

Uµ(kℓ) = detψ†(kℓ)ψ(kℓ + µ̂)/Nµ(kℓ)

Nµ(kℓ) = |detψ†(kℓ)ψ(kℓ + µ̂)|

H|nj⟩ = Ej(k)|nj⟩

ψ
†
ψ = IM

ψ = (|n1⟩, · · · , |nM ⟩)

A =ψ†
dψ

F̃12(kℓ)

: The same as the Abelian case

:

c̃ =
1

2πi

∑

ℓ
F̃12(kℓ)

NB→∞

−−−−−→ c =
1

2πi

∫

Tr dA



Chern numbers (       ) based on Realistic Band Calc.

quantized everywhere

�
x
y

�
x
y

Fermi surface

EF
�

x
y

Fermi surface

EF

M.Arai and Y.Hatsugai, Phys.Rev. B79, 075429 (2009)

�xy

� = 1/200

Berry phases,...

Graphene
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