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ハミルトニアン

Ĥ − t
∑
<i, j>

ĉ†◦iĉ• j + h.c. (1)

を考える。

ĉ◦
def
=


ĉ◦1
...

ĉ◦n

 (2)

ĉ•
def
=


ĉ•1
...

ĉ•n

 (3)

H def
=

(
O D
Dt O

)
(4)

とすると (1)は

Ĥ =
(
ĉ†• ĉ†◦

)
H

(
ĉ•
ĉ◦

)
(5)

と表せる。

ĉ• → ĉ•
def
= d̂• (6)

ĉ◦ → −ĉ◦
def
= d̂◦ (7)

を導入すると(
ĉ•
ĉ◦

)
=

(
d̂•
−d̂◦

)
(8)

=

(
I O
O −I

) (
d̂•
d̂◦

)
(9)

def
= Γ

(
d̂•
d̂◦

)
(10)

これより

Γ†HΓ =
(

I O
O −I

) (
O D
D† O

) (
I O
O −I

)
(11)

=

(
O D
−D† O

) (
I O
O −I

)
(12)

=

(
O −D
−D† O

)
(13)

= −H (14)

よって

{H,Γ} = HΓ + ΓH = O (15)

次の変換によって運動量空間に移る。

ĉ•i =
1
√

N

∑
k

eik·ri ĉ•(k) (16)

ĉ◦i =
1
√

N

∑
k

eik·ri ĉ◦(k) (17)

∆(k) = −t(1 + eik1 + eik2 ) (18)

これを用いると Ĥ は

Ĥ =
∑

k

ĉ†•(k)∆(k)ĉ◦(k) + h.c. (19)

=
∑

k

(
ĉ†•(k) ĉ†◦(k)

) ( 0 ∆(k)
∆∗(k) 0

) (
ĉ•(k)
ĉ◦(k)

)
(20)

となる。よって

h(k) =
(

0 ∆(k)
∆∗(k) 0

)
(21)

の固有値は E1 = +|∆(k)|, E2 = −|∆(k)|である。

Γ =

(
1 0
0 −1

)
(22)

に対して

{h, Γ} = hΓ + Γh = 0 =⇒ ΓhΓ + h = 0 (23)

が成り立つ。2 × 2の行列 hを Pauli行列で展開する。

h = Rxσx + Ryσy + Rzσz (24)
= Rµσµ (25)

Pauli行列

σx =

(
0 1
1 0

)
(26)

σy =

(
0 −i
i 0

)
(27)

σz =

(
1 0
0 −1

)
(28)

(29)

は次の性質をもつ。

σ2
i = 1 (30)

σiσ j = εi jkσk

 σxσy = iσz

σyσz = iσx

σzσx = iσy

 (31)

ここで

εi jk =


1 (i, j, k) = (1, 2, 3), (2, 3, 1), (3, 1, 2)
−1 (i, j, k) = (1, 3, 2), (3, 2, 1), (2, 1, 3)
0 otherwise

(32)

また

h† = R∗iσi = riσi = h Ri ∈ R (33)

であるので

h = R · σ (34)
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数学公式

(A · σ)(B · σ) = (A · B)I + i(A × B) · σ (35)

を使うと

h2 = (R · σ)(R · σ) (36)
= (R · R)I + i(R × R) · σ (37)

= |R|2I (38)

したがって

|∆|2 = |R|2 (39)

つまりエネルギーギャップは 2|R|。このギャップが k0 で閉

じるとし、hを k0 の近傍で展開する。

h = R · σ (40)

≈ R(k0) + δkx
∂R
∂kx

∣∣∣∣∣∣
k=k0

· σ + δky
∂R
∂ky

∣∣∣∣∣∣
k=k0

· σ (41)

= (X · σ)δkx + (Y · σ)δky (42)

=
(
Xδkx + Yδky

)
· σ (43)

ここで

δkx
def
= kx − k0x (44)

δky
def
= ky − k0y (45)

X def
=

∂R
∂kx

(46)

Y def
=
∂R
∂ky

(47)

である。

Γ = n · σ (48)

から

Γ2 = |n|2I = I (|n| = 1) (49)

また

hΓ = R · n+ i(R × h) · σ (50)
Γh = n · R + i(h × R) · σ (51)

(50)と (51)を (23)に代入すると

2R · n = 0 (52)

となる。

09/27/2011

(52)と (43)から

Xδkx + Yδky ⊥ n =⇒ X,Y ⊥ n (53)

が言える。当然

X × Y ⊥ X,Y (54)

であるので

X × Y = χ|X × Y|n (55)
χ = ±1 (chirality of the Dirac Cone) (56)

と書ける。(38)と (43)から

h2 = |Xδkx + Yδky|2σ0 (57)

= X · Xδk2
x + Y · Yδk2

y + 2(X · Y)δkxδky (58)

=
(
δkx δky

) (X · X X · Y
X · Y Y · Y

) (
δkx

δky

)
(59)

なお

det
(
X · X X · Y
X · Y Y · Y

)
= |X|2|Y|2 − |X · Y|2 (60)

= |X|2|Y|2 − |X|2|Y|2 cos2 θ (61)

= |X|2|Y|2 sin2 θ (62)

= (|X||Y| sin θ)2 (63)

= |X × Y|2 (64)

= (c~)4 (65)

ここで

|X × Y| def
= (c~)2 (66)

であり

c =
√
|X × Y|
~

(67)

は"光速"を表す。

Ξ
def
=

1
(c~)2

(
X · X X · Y
X · Y Y · Y

)
(68)

は実対称行列なので対角化できる。Ξ を対角化する行列を V
とすると

Ξ = V†
(
ξ1 0
0 ξ2

)
V (69)

である。V はもちろん

V†V = σ0 (70)

det V†V = 1 (71)

を満たす。Ξ は

detΞ = ξ1ξ2 = 1 ξ1 > 0, ξ2 > 0 (72)
trΞ > 0 (73)
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Ξ を用いると (59)は

h2 =
(
δkx δky

)
Ξ(c~)2

(
δkx

δky

)
(74)

= (c~)2
(
δkx δky

)
V†

(
ξ1 0
0 ξ2

)
V

(
δkx

δky

)
(75)

さらに(
K1
K2

)
def
= V

(
δkx

δky

)
(76)

とすれば h2 は

h2 = (c~)2
(
K1 K2

) (ξ1 0
0 ξ2

) (
K1
K2

)
(77)

= (c~)2
(
ξ1K2

1 + ξ2K2
2

)
(78)

= c2
(
ξ1 p2

1 + ξ2 p2
2

)
(79)

となる。ただし

p1
def
= ~K1 (80)

p2
def
= ~K2 (81)

したがって

hψ = Eψ (82)

に対し、固有値 E は

E2 = c2
(
ξ1 p2

1 + ξ2 p2
2

)
(83)

から

E = ±c
√
ξ1 p2

1 + ξ2 p2
2 (84)

= ±cp̄ (Dirac Cone) (85)

となる。 p̄は averaged momentum、cは effective light velocity

を表し c ∼ clight/300である。

10/04/2011

Let us consider the Hamiltonian

H =
p2

2m
(86)

How to get the Lorentz force?

p→ p− eA = Π (87)
B = rotA (88)
Bz = ∂xAy − ∂yAx A : vector potential (89)

Quantization

p = −i~∇ (90)
px = −i~∂x ∼ ~kx (91)
py = −i~∂y ∼ ~ky (92)

Considering the inverse of the quantization

δkx ≈
1
~

px → Πx (93)

δky ≈
1
~

py → Πy (94)

we obtain

Πx = −i~∂ − eAx(x, y) (95)
Πy = −i~∂ − eAy(x, y) (96)

h is rewritten by using Πx, Πy.

h = ~−1
(
XΠx + YΠy

)
(97)

their commutation relation is

[Πx, Πy] = [−i~∂ − eAx,−i~∂ − eAy] (98)
= [−eAx,−i~∂y] + [−i~∂x,−eAy] (99)

= i~e
{
[Ax, ∂y] + [∂x, Ay]

}
(100)

= i~e
{
Ax∂y − ∂yAx + ∂xAy − ∂xAy

}
(101)

= i~e
(
∂xAy − ∂yAx

)
(102)

= i~eB (B = rotA) (103)

We assume B < 0, because electron charge e is negative.
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h2 = ~2[(XΠx + YΠy) · σ]2 (104)

= ~2
{
(XΠx + YΠy) · (XΠx + YΠy)σ0 + i(XΠx + YΠy) × (XΠx + YΠy)σ

}
(105)

= ~2
{(

X · XΠ2
x + X · YΠxΠy + Y · XΠyΠx + Y · YΠ2

y

)
σ0 + i

(
X × YΠxΠy + Y × XΠyΠx

)
· σ

}
(106)

= ~2
(
Πx Πy

) (X · X X · Y
X · Y Y · Y

) (
Πx

Πy

)
σ0 + i [Πx, Πy]︸   ︷︷   ︸

i~eB

(X × Y︸︷︷︸
χ(c~)2

) · σ (107)

= c2
(
Πx Πy

)
Ξ

(
Πx

Πy

)
σ0 − c2~eBγ (108)

= c2(ξ2
1Π

2
1 + ξ

2
2Π

2
2 )σ0 − c2~eBγ (109)

where

γ
def
= nγ · σ (γ = ±1) (110)(
Π1
Π2

)
def
= V

(
Πx

Πy

)
=

(
V1xΠx + V1yΠy

V2xΠx + V2yΠy

)
(111)

Now we difine

Π ′1
def
= ξ1Π1 (112)

Π ′2
def
= ξ2Π1 (113)

satisfying

[Π ′1, Π
′
2] = ξ1ξ2︸︷︷︸

detΞ=1

[Π1, Π2] = [Π1, Π2] = [Πx, Πy] (114)

guaranteed by

[Π1, Π2] = [V1xΠx + V1yΠy,V2xΠx + V2yΠy] (115)
= V1xV2y[Πx, Πy] + V1yV2x[Πy, Πx] (116)

=
(
V1xV2y − V1yV2x

)︸                ︷︷                ︸
det V=1

[Πx, Πy] (117)

= [Πx, Πy] (118)

which is obvious because V is orthogonal.

h2 = c2Π ′2σ0 − c2~eBχγ (119)

Using magnetic length

l def
=

√
~

eB
(120)

the commutation relation (114) is rewritten as

[Π ′1, Π
′
2] = i~eB = i~

~

l2
= i

(
~

l

)2

(121)

so,

[
l
~
Π ′x,

l
~
Π ′y] = i (122)

Let us introduce an operator

a def
=

1
√

2

l
~

(
Π ′1 + iΠ ′2

)
(123)

satisfying

[a, a†] =
1
2

(
l
~

)2

[Π ′1 + iΠ ′2, Π
′
1 − iΠ ′2] (124)

=
1
2

(
l
~

)2

(−2)
(
~

l

)2

(125)

= 1 (126)

and

a†a =
1
2

(
Π ′1 − iΠ ′2

) (
Π ′1 + iΠ ′2

)
(127)

=
1
2

(
l
~

)2
Π ′21 + iΠ ′22 + i [Π ′1, Π

′
2]︸   ︷︷   ︸

i~eB

 (128)

=
1
2

(
l
~

)2 (
Π ′2 − i~eB

)
(129)

=
l2

2~2Π
′2 − l2

2~2 i~eB︸    ︷︷    ︸
−1/2

(130)

⇐⇒ a†a +
1
2
=

l2

2~2Π
′2 (131)

Using (131) and

n def
= a†a (132)

~ω
def
=

eB
m
= 2c2eB (133)

the following relationship is obtained:

~ω

(
n +

1
2

)
= ~ω

l2

2~2Π
′2 (134)

=

(
~

l

)2 1
2m

(
l
~

)2

Π ′2 (135)

=
Π ′2

2m
= c2Π ′2 (136)

So h2 can be expressed as

h2 = ~ω

(
n +

1
2

)
σ0 −

1
2m
~eBχγ (137)

= ~ω

(
n +

1
2

)
− 1

2
~ωχγ (138)

4



H22凝集系物理学 II（初貝）講義ノート 201020482秀方遼

If γ = χ = ±1, the eigenvalue becomes

E = ±c
√

2~eB|n| (LL of Dirac fermion) (139)

10/11/2011

[Πi, Π j] = [−i~∂i − eAi,−i~∂ j − eA j] (140)
= [−i~∂i,−eA j] + [−eAi,−i~∂ j] (141)

= (−i~)(−e)
{
[∂i, A j] + [Ai, ∂ j]

}
(142)

= i~e(∂iA j − ∂ jAi) (143)
= i~eεi jk(rotA)k (144)
= i~eεi jkBk (145)

何故ならば

εi jkBk = εi jkεabk∂aAb (146)
= (δiaδ jb − δibδ ja)∂aAb (147)
= ∂iA j − ∂ jAi (148)

Let us introduce

Π⊥ = n×Π (149)
Π⊥i = εi jkn jΠk (150)

whose commutation relation is

[Π⊥i, Π⊥ j] = [εiabnaΠb, ε jcdncΠd] (151)
= εiabε jcdnanc[Πb, Πd] (152)
= i~eBεiabε jcdεbdenancne (153)
= i~eBε jcd(δ jdδae − δieδad)nancne (154)

= i~eB
(
ε jcinancna − ε jcandncni

)
(155)

= i~eBεi jcnc|n|2 (156)
= i~eBεi jknk (157)

The guiding center R is defined as follows:

R def
= r − l2

~
Π⊥ (158)

Ri = ri −
l2

~
Π⊥i (159)

[ri, Π⊥ j] = [ri, ε jabnaΠb] (160)
= ε jabna [ri, Πb]︸ ︷︷ ︸

=[ri,pb]=δibi~

(161)

= ε jainai~ (162)
= i~εi jana (163)

[Ri, Π⊥ j] = [ri, Π⊥ j] −
l2

~
[Π⊥i, Π⊥ j] (164)

= i~εi jana −
l2

~
i
(
~

l

)2

εi jana (165)

= 0 (conserved) (166)

[Ri,R j] = [ri −
l2

~
Π⊥i, r j −

l2

~
Π⊥ j] (167)

= − l2

~

[Π⊥i, r j] + [ri, Π⊥ j] +
(

l
~

)2

[Π⊥i, Π⊥ j]

 (168)

= − l2

~

{
−[r j, Π⊥i] + i~εi jana

}
+

(
l2

~

)2

i
(
~

l

)2

εi jana (169)

= −i2l2εi jana + il2εi jana (170)

= −il2εi jana (171)

10/18/2011以降

Hall conductance : σxy =
e2

~
C (172)

Chen number : C =
1

2πi

∫
©

F (173)

A = 〈ψ|dψ〉 (174)

= 〈ψ| ∂
∂φx
|ψ〉dφx + 〈ψ|

∂

∂φy
|ψ〉dφy (175)

= 〈ψ|∂µψ〉dφµ (176)

5



H22凝集系物理学 II（初貝）講義ノート 201020482秀方遼

F = dA (177)
= dφµ∂µA (178)
= dφx∂xA + dφx∂xA (179)
= dφx∂x(dφx〈ψ|∂xψ〉 + dφy〈ψ|∂yψ〉) + dφy∂y(dφx〈ψ|∂xψ〉 + dφy〈ψ|∂yψ〉) (180)
= dφxdφx∂x〈ψ|∂xψ〉 + dφxdφy∂x〈ψ|∂yψ〉 + dφydφx∂y〈ψ|∂xψ〉 + dφydφy∂y〈ψ|∂yψ〉 (181)
= dφxdφy(∂x〈ψ|∂yψ〉 − ∂y〈ψ|∂xψ〉) (182)
= dφxdφy(〈∂xψ|∂yψ〉 + 〈ψ|∂x∂yψ〉 − 〈∂yψ|∂xψ〉 − 〈ψ|∂y∂xψ〉) (183)
= dφxdφy(〈∂xψ|∂yψ〉 − 〈∂yψ|∂xψ〉) (184)

So,

C =
1

2πi

∫ 2π

0
dφx

∫ 2π

0
dφy(〈∂xψ|∂yψ〉 − 〈∂yψ|∂xψ〉) (185)

=
1

2πi

∫ 2π

0
dφx

∫ 2π

0
dφy(rotA)z (186)

|ψ〉g
def
= |ψ〉g (187)

Using

〈ψ|ψ〉 = 1 (188)

the following equation is obtained:

g〈ψ|ψ〉g = g∗〈ψ|ψ〉g (189)

= |g|2 = 1⇒ g ∈ U(1) (g = eiθ, θ ∈ R) (190)

Ag
x = g〈ψ|∂xψ〉g (191)

= g∗〈ψ|∂x(|ψ〉)g (192)

= g∗(〈ψ|∂xψ〉 + 〈ψ|ψ〉∂x)g (193)

= g∗Axg + g∗∂xg (194)

= Ax + e−iθ(i∂xθ)eiθ (195)
= Ax + i∂xθ (gauge transformation) (196)

rotAg = ∇ × Ag (197)
= ∇ × A + i∇ × ∇θ (198)
= rotA (199)

So Chern number is gauge invariant.

∂x|ψ〉
def
= lim

h→0

|ψ(φx + h, φy)〉 − |ψ(φx, φy)〉
h

(200)

is not well defined. One way to avoid the difficulty is gauge

fixing.

P def
= |ψ〉〈ψ| (201)

Pg = |ψ〉gg〈ψ| (202)

= |ψ〉gg∗〈ψ| (203)
= |ψ〉〈ψ| = P (204)

take arbitary|T 〉

P|T 〉 = |ψT
u 〉 (smooth) (205)

H|ψT
u 〉 = E|ψT

u 〉 (206)

Needs normalization

N = 〈ψT
n |ψT

n 〉 (207)

= 〈ψ|T 〉∗〈ψ|ψ〉〈ψ|T 〉 (208)

= |〈ψ|T 〉|2 (209)

|ψT 〉 = |ψ
T
u 〉√
N

(gauge fix) (210)
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